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Abstract:

Eco-concretes are essential to integrate into civil engineering for
environmental reasons. Beams, which are load-bearing elements of
civil engineering structures, are subjected to mechanical and
thermal loads. In this study, mechanical and thermal deformations
are analyzed on beams reinforced with Pottery powder at different
concentrations. The thermoelastic properties of the eco-concrete are
obtained using the Mori-Tanaka model. The studied deformation
takes into account the shear effect introduced by a mathematical
function. The principle of virtual work is used to establish the
equilibrium equations, and then Navier's solutions are applied to
solve the mathematical problem of thermomechanical bending. It is
found that as the concentration of Pottery powder increases, the
mechanical deformation decreases. Eco-concretes also show strong
resistance to thermomechanical behavior and the influence of
temperature. Furthermore, it is shown that it is possible to
incorporate up to 30% of aluminosilicate waste in the form of
Pottery powder.

Keywords: Eco-concretes- Mori-Tanaka model-  thermal
deflection- mechanical deflection- Pottery powder.
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1. Introduction

Eco-concretes enhanced with silica have demonstrated substantial
improvements in mechanical properties, as evidenced by several
studies. F. Boukhelf et al. found that incorporating 20% to 30%
glass powder increases workability and slightly enhances the
strength of hardened concrete [1]. R.Z. Harrat et al. studied the
effects of nano-silica on flexural beams, noting silica's tendency to
agglomerate at the corners of beams, which affects performance [2].
M. Chatbi et al. focused on silica's agglomeration in concrete to
better understand slab deflection [3], while A.M. Benfrid et al.
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identified that nano-glass reinforcement negatively impacts the
thermal bending of eco-concrete panels [4]. S. Diene El Hannani’s
research highlighted the benefits of beams reinforced with nano-
inclusions, which improved concrete’s overall performance.[5]

A. Kecir et al. observed that nano-irons enhanced the mechanical
strength of concrete but reduced its thermal resistance [6]. Further
investigations by M. Chatbi et al. used the Eshelby model to
understand the concrete’s stiffness tensor with nano-clays [7], and
R.Z. Harrat et al. applied the same model to assess the
thermoelasticity of concrete containing nano-irons, noting
improvements in mechanical performance at the expense of thermal
properties [8]. A.M. Benfrid et al. found that concrete containing
siliceous and alumino-silicate glass powders had low heat transfer,
with varying Young’s modulus depending on direction [9], and later
research revealed that organic reinforcements weakened the
concrete and led to poor bending performance [10].The Mori-
Tanaka model has been extensively used in the study of reinforced
concrete, especially in assessing materials like nano-tungsten. A.J.
Benbakhti et al. employed this model for the repair of corroded
wastewater treatment plants, improving steel reinforcement
properties with nano-tungsten [11]. L. Melati et al. showed that
increasing nano-tungsten concentration in a two-phase medium
reduced deflection in concrete beams [12]. X. Wang et al.
experimentally validated the Mori-Tanaka model, demonstrating its
close match with experimental results [13], while other studies
confirmed its reliability in thermoelastic predictions for concrete
[14][15][16][17][18][20].Beam thermoelasticity has been explored
through various models, including S.M. Ghumare et al.'s study on
functionally graded beams [21] and Y. Boulahbal et al.'s
development of a non-linear model for hygro-thermo-mechanical
analysis of beams [22]. M.F. Ertenli et al. analyzed the effects of
porosity and shear on curved beam behavior under thermo-
mechanical loading [23], and A.S. Sayyad et al. examined shell
hygro-thermo-elastic properties with a shear function [24]. Further,
K. Meski et al. used Reddy’s theory to study functionally graded
beam performance under various parameters [25], while the Mori-
Tanaka model was used to analyze the thermoelasticity of concrete
reinforced with glass powder and silica.[26]

The study of beam stability under axial loads has been advanced by
Murawski’s exploration of semi-slender steel columns under
elastoplastic compression, where he compared models like
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Tetmajer-Jasinski and Johnson-Ostenfeld [30][31]. Krzysztof
Murawski's work on slender columns revealed that thin columns
become unstable under axial load, highlighting the importance of
accurate structural modeling for these types of elements [30][31].
Charles Chinwuba Ike used the Ritz variational method to analyze
the vibrations of slender beams supported by elastic foundations,
highlighting its effectiveness in predicting frequencies under
various boundary conditions [32]. In another study, Ike applied this
method to shear-deformable material theory, revealing the potential
for overestimating buckling loads in thick beams [33].Mladenov’s
research focused on beam eccentricities and stress-free construction,
distinguishing between strained and deformed elements under
various loading conditions [34]. Doicheva further challenged
assumptions on the impact of eccentric connections and off-center
supports on stress-strain behavior, showing realistic results that
differed 15-30% from theoretical predictions [35]. Boukhari et al.
used the Mori-Tanaka model to study granite powder-reinforced
concrete beams, finding that increased granite content improved
mechanical properties while reducing deflection and displacement
[36]. Yakro et al. also applied this model to concrete mixed with
glass and brick waste, showing that waste materials improved
mechanical properties but weakened thermal performance.[37]

Melati et al. proposed a refined plate theory for studying
nanocomposite plate bending with a steel-nano-tungsten alloy,
using the Mori-Tanaka homogenization scheme to validate elastic
properties and stress-displacement responses [38]. Peker’s study of
a 14-story dual-system building after the 2023 Kahramanmaras
earthquakes showed that the dual shear wall-frame system
performed better than surrounding buildings in terms of seismic
resistance [39], while Aras et al. and Isik et al. found that even
seismically compliant buildings sustained significant damage due to
brick infill walls, with PRF wrapping recommended to enhance
column resistance [40.[41] [

Further research on orthotropic porous materials by Furkan Can
Bahadir and Ferruh Turan examined the free vibrations of
cylindrical panels with orthotropic porous layers, showing that
factors like porosity and geometry influence vibrational responses
[42]. Demir and Turan explored the stability of laminated
cylindrical panels under varying linear compression, simulating
porous material behavior and its effect on buckling [43]. Krzysztof
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Murawski’s study on St35 steel columns with arched flaws provided
critical insights into the stability of semi-slender columns under
axial compression, comparing results from finite element methods
and classical theories [44]. Dao Ngoc Tien et al. applied classical
and refined plate theory to derive governing equations for static
SCC slabs, revealing how plate thickness affects deflection
[45].Lastly, Tuan-Anh Bui and colleagues modeled rigid pavements
shaking on uneven foundations, using finite element analysis and
Mindlin’s plate theory to demonstrate how foundation stiffness
impacts vibration modes and frequencies [46]. Ferruh Turan et al.
studied thin-walled orthotropic porous I-beams under lateral loads,
showing that web thickness and porosity distributions reduce critical
buckling loads and improve beam stability [47]. Peng Shi et al.
applied neural network models to analyze the vibration response of
functionally graded sandwich plates, emphasizing the impact of the
thickness ratio on system stiffness [48].These studies highlight the
essential role of the Mori-Tanaka model in understanding the
thermo-mechanical behavior of composite materials, especially in
eco-concrete and reinforced systems. The research also underscores
significant advances in structural stability, vibration analysis, and
material performance under various loading conditions.

2. Mori-Tanaka Homogenization

— Ec: The elasticity modulus of concrete .

— Ew: The elasticity modulus of Waste .

— Ehom: The homogenized elasticity modulus.

— Gc: The shear modulus of Concrete.

— Gw: The shear modulus of waste. -Gnom: The homogenized
shear modulus.

— Kc: The bulk modulus of Concrete.

— Kw: The bulk modulus of Waste.

—  Knhom: The homogenized bulk modulus.

— vc: The Poisson's ratio of Concrete.

— vw: The Poisson's ratio of Waste.

—  viom: The homogenized Poisson's ratio.

— V¢ : The volume fractions of Concrete.

—  Vw: The volume fractions of Waste.
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— onom: The homogeneous thermal conductivity.

— oc: The thermal expansion coefficient of Concrete.
— ow: The thermal expansion coefficient of Waste.

— yhom: The homogeneous thermal conductivity.

— ¢ The thermal conductivity of Concrete.

— yw: The thermal conductivity of Waste.

9K,,.G

_ hom ~hom .
h - ’
3K, +G

hom hom

Vch (GW — Gc)

G, =G, + ; (1)
G.+p01-V,)G,-G,)
Khom :Kc+ VWKC(KW_KC)
K.+ 5,0-V,)(K,-K,)
Where:
_2(4-5Vy) L, o
A= Tsaey) e =35 @)

It’s noted that; B1 and B2 represent the correction coefficients for
spherical inclusions (reinforcement by waste) in a metal matrix
(concrete) [15-16-17].

K=o,
cT3(1-2v)’
K. = —W;
Yo 3(1 - 2vy,)
G =5
ST 214 vy) ]
Ew
Gw = 2(14+vy) (3)
3K, —2G
Vhom — hom hom (4)
6Khom + 2Ghom
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Aa(Ay (iw ~ (VA Vel )) (aw—a) (6)
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hom = e TV Vo) )
e V)
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2. Thermo-mechanical bending model
The displacements are rewetting:

u(x,z) = up(x) —Z%—f(Z)%;v(x.Z) =0

w(X,2) = Wp) + Wsx) (7)
Function of shear deformation:

47 77°  97° 117 of
f(z)=—+ + + 1 g=|1-— 8
(2) 3h* 13h* 25h° 35h° J ( 82} ®)
Displacements and distortions:
ou ou, _o°w, o°w,
g, =—=—"-1 - f(z : 9
X ox ox? ( )6x2 ®)
ou ow _ Ow
=4+ = ] 10
Y =5 o OX (10)
virtual work principal:
[, (3U+3v)=0 (11)
Substituting the constraints into equation number (11):
8U =[] [0 + (60— tionAT ) + 707, | ixdA 12)

Knowing that the constraint is a force factor on the surfaces,
then:

U =[N, B, T T 1 AT 0, e (19)
When:

(NLMy M) = [ o (L2, F(2))dA (14)
And:

Q. =[,9(2)7, dA (15)

The external forces are designated as follows in equation
number (16):

8V =~ q(w, +w, ) dx (16)
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By coupling equations (12) to (16) into equation (11), the
equilibrium equations are written in the following form:

Bug = o
17
3w, —azl\ngrq—O ( )

The normal and tangential stresses are defined as follows:

{O-xx} _ {Qll 0 }{‘C"xx - ahomAT} (18)
sz 0 QSS 4 Xz

When:
Q=B Qo= (19)
11 hom ! 55 2 (1+ Vhom )
Replacing in (14):
2 2
Nxx :Aauo _Bs8 V\zlb _Ds d V\le _NIX
OX OX
2 2
M, =828 -D D, ]
OX OX OX
2 2
M, =B, Mo _p Iy OW (20)
OX OX OX
Noted that:
ow,
— s 21
Qu=A" (21)
Where:
T T Ty _
(N Mg M) = Qe AT (1,2, f (2))dA
— 2
(AB,B,D)=0Qy,] (L2 f(z),2°)dA
(D, H,)=Quf,((2). T (2)" ) dA (22)
When:
A= IAQ559 (Z)Z dA (23)
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In which the last equilibrium equations written:

2 3 3
Aaa“; - Baa"‘;b ~B, aax"‘;s _p
X X
2 3 3
gltl pdWh p IW_p
OX OX oX
o’u o*w, o*w, o°W,
B, 6x20 b 6x3b —H ox° A Y £
aNT _ M, o°M!
p="= b P =L s 24
1Tk T e T g (24)

Navier’s solutions are written:

u=3Y"U,cos(Ax) w,=> "W, sin(Ax)

W, = Z W,, sin (Ax) A = n—: (U, W, W, ) (25)
The loads :
=" Q,sin(ix)
General load:
=—j x)sin (Ax)dx (26)

For sinusoidal load:

Qn:qO (n:]')

For uniform load:

(27)

Q=% (n=135,.) (28)
nm
Thermal load:
L
T, 1 =11, psin(Ax) (29)
T3 t3

In which:

ila giae aoball (3 58n
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AT (X,2) =T, (x)+ 2T, (x)+vy(z)T;(x) (30)
T1: Linear distribution with thickness z.
T2: non-linar distribution with thickness z.
T3: Coupled T1+T2.
Stiffness matrix is:

S, =-A\,S,=BA%S, =BA%,
S11 S12 S13 U n Pl 522 — _Dx4,
S21 SZZ 823 an = P2 S _ _D }\’4 (31)
23~ s’
S31 S32 s33 Wsn P3 4 2
Sy =—(Ha +AN)

Where, forces are written:

P =4 A't,+B7t,+B™, |; P, =-2°[ B"t, + D't, + D"t | -q

P, =-2°[ Bt + D", + H't, |-

(A", BB =anAa{1,z,w(z)} dA (32)
Noted that:

(B,D",D])=Q,[ afz.2%,2y(2) dA

(B, D HT)=Qy [ aff (2),2f (2), f (2)w(z)}dA (33)

The dimensionless parameters are written as follows to
simplify calculations and the reading of the results.

_ E,h’ h) E.h® (L

0l* do
— 3 —
6, = h_cx (E,Ej T, = n 7,,(0,0) (34)
0ol 22 Qo
Boundary conditions:
At: x=0,x=L
U=W =M= M=
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3. Validation of the Mori-Tanaka homogenization model

The material parameters (tungsten steel) from articles [11] and
[12] are presented in Table 1. Their comparison is then presented
in Table 2.

Table 1: The material parameters (tungsten steel).

Materials Young’s Modulus [GPa] Poisson’s ratio
Steel 200 0.33
Tungsten 500 0.28

Table 2: The results of homogenization by Mori-Tanaka.

Properties Young’s Modulus Poisson’s ratio
[GPa]
Materials [11] and Present | [11] and Present
[12] [12]
Steel + 10% Tungsten 220.20 220.19 0.325 0.323
Steel + 20% Tungsten 240.33 240.31 0.320 0.316
Steel + 30% Tungsten 260.40 260.38 0.315 0.301

The results in Table 2 show that the current Mori-Tanaka method is
in good agreement with the results from [11] and [12]. This validates
our current homogenization program.

4. Validation of the thermo-mechanical model

Based on the article by S. M. Ghumarea and A. S. Sayyada [29], an

isotropic material is modeled as a functionally graded material

(FGM) for P=0.show table 3; when Ceramic [50]: E=380 GPa;

v=0.3; a =7.4*10° °Cand Aluminium [50]: E=70 GPa ; v=0.3 ;

o =23*10°°C?,

Table 3: Validation of a thermomechanical program with an FGM
material at P=0.

Theory Conditions : L/h =10; T1=10; qo =100
Parameters u W — —
GX 7'-)(Z
S.Mand A.S [49] 0.44 2.8214 7.6973 0.4768
Present 0.4561 2.9628 7.7798 0.4831
Theory Conditions: L/h=10; T1=10; T2=10; go=100
Parameters u W — -
GX TXZ
S.Mand A.S [49] 0.5015 3.2265 9.8165 0.4768
Present 0.5162 3.3882 9.9217 0.4831
11 Copyright © ISTJ A ginae auball (5 gin
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The results in Table 3 show a high degree of convergence, which
allows us to conclude that the thermomechanical model used in this
study is valid.

5. Results and discussion

Eco-concrete with waste Pottery

Using data from the articles by Benfrid et al. [4] and [9] to
estimate the effective properties of eco-concrete reinforced with
Pottery particles, Table 4 shows the properties used in this study,
and Table 5 shows the properties of an eco-concrete reinforced
successively with 10%, 20%, and 30% Pottery powder. Specifically,
aluminosilicate waste Pottery powder is used in this study.

Table 4: The properties used in this study (Concrete and
aluminosilicate waste Pottery powder).

Materials Young’s Poisson’s Thermal
Modulus [GPa] ratio expansion 10
Goc-l
Concrete [4] and [9] 20 0.3 13.5
aluminosilicate waste 81 0.16 4.6
Pottery powder [4]
and [9]

Table 5: The properties of eco-concrete reinforced with
aluminosilicate waste Pottery powder.

Materials Young’s Poisson’s Thermal
Modulus [GPa] ratio expansion 10°6°C-
1
Concrete 20 0.300 13.500

+ 0% aluminosilicate
waste Pottery powder

Concrete 26.087 0.269 9.651
+ 10%aluminosilicate
waste Pottery powder

Concrete 32.117 0.246 7.878
+ 20% aluminosilicate
waste Pottery powder

Concrete 38.130 0.228 6.899
+ 30% aluminosilicate
waste Pottery powder

It is noted from the asymptotic homogenization results presented
in Table 5 that the Young's modulus increases each time the volume
fraction of Pottery waste increases. Furthermore, the thermal
expansion and Poisson's coefficient decrease.
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Mechanical Bending

Table 6 presents the purely mechanical static bending for concrete
reinforced with aluminosilicate waste Pottery powder, with
parametric changes in geometry in terms of length-to-thickness
ratio, where go=100.

Table 6: Mechanical static bending for concrete reinforced with
aluminosilicate waste Pottery powder

Conditions L/h=10; T1=0; T2=0; go =100

Parameters a W — —
GX z-><Z

Concrete 2.4750 16.0870 7.7775 0.6271

+ 0% aluminosilicate
waste Pottery
powder

Concrete 1.8973 12.3265 5.9594 0.4807
+
10%aluminosilicate
waste Pottery
powder

Concrete 1.5409 10.0075 4.8382 0.3903
+20%
aluminosilicate
waste Pottery
powder

Concrete 1.2978 8.4263 4.0738 0.3288
+30%
aluminosilicate
waste Pottery
powder

Theory Conditions : L/h=50; T1=0; T2=0; go=100
Conditions u W — _

Y X TXZ

Concrete 0.4928 15.7013 38.7085 0.6275
+ 0% aluminosilicate
waste Pottery
powder

Concrete 0.3778 12.0375 29.6768 0.4810
+
10%aluminosilicate
waste Pottery
powder

Concrete 0.3069 9.7771 24.1041 0.3907
+ 20%
aluminosilicate
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waste Pottery
powder

Concrete 0.2585 8.2352 20.3026 0.3291
+30%
aluminosilicate
waste Pottery
powder

According to Table 6, it is noted that in mechanical bending,
each time the concentration of aluminosilicate increases, the
deflection and transverse displacements as well as the stresses
decrease. This means that concrete reinforced with aluminosilicate
provides perfect rigidity, which reduces the deflection. Furthermore,
the deflection decreases for more slender beams, but the stress
concentration becomes greater than that for short beams.Figure 1
shows the transverse displacements and deflections for different
concentrations of aluminosilicate Pottery powder.
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Figure 1: The curves of transverse displacements and deflection as a
function of the concentration of Pottery powder.

According to the graph of transverse displacements, it is noted
that all fractions give symmetrical curves. They start from negative
values at the center of the beam, become zero, and then turn positive.
As for the deflection, the curves start from zero and end at zero along
the beam's length, with the maximum value at the center of the
curves, which means that the static bending is correct. Furthermore,
because the aluminosilicate powder gives good rigidity to the
beams, it is noted that each time the volume fraction of the Pottery
powder increases, the deflection decreases, which is a good positive
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indicator for eco-concrete reinforced with aluminosilicate Pottery
powder.

Thermo-mechanical Bending

In this section, a thermal bending study was performed with a fixed
load of go=100. In the first example, a condition of T:=10was added.
Next, a second case with T:=T»=10 was considered for a parameter
check. The results are presented in Table 7.

Table 7: Thermo-mechanical Bending for concrete reinforced with
aluminosilicate waste Pottery powder

Conditions L/h=10; T1=10; T2=0; go=100
Parameters u W — —
GX z-XZ
Concrete 2.4793 16.0954 | 7.7776 0.5502
+ 0%

aluminosilicate
waste Pottery
powder
Concrete 1.9017 12.3351 | 7.7775 0.5244
+10%
aluminosilicate
waste Pottery
powder
Concrete 1.5453 10.0159 | 7.7774 0.4984
+20%
aluminosilicate
waste Pottery
powder
Concrete 1.3022 8.4347 | 7.7773 0.4719
+30%
aluminosilicate
waste Pottery
powder
Conditions L/h=10;T1=T2=10 ;qo=100
Parameters a W —

o X TXZ

Concrete 2.4707 16.1001 | 7.3624 0.7041
+ 0%
aluminosilicate
waste Pottery
powder
Concrete 1.8931 12.3398 | 7.2333 0.7299
+10%
aluminosilicate
waste Pottery
powder
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Concrete 1.5366 10.0206 | 7.1060 0.7560
+20%
aluminosilicate
waste Pottery
powder
Concrete 1.2935 8.4394 | 6.9794 0.7824
+30%
aluminosilicate
waste Pottery
powder

According to the results in Table 7, it is noted that in
thermomechanical bending, each time the wvolume fraction
increases, all the parameters decrease. In the case of a simultaneous
application of T:And To, the deflection and the concentrations of
normal and tangential stresses also decrease. This decrease is due to
the reduction in thermal expansion and the increase in
rigidity.Figure 2 shows the influence of temperature on the
deflection and transverse displacements of ordinary concrete beams
and beams reinforced with 30% aluminosilicate Pottery powder
under various thermal loads.

34
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Figure 2 : Comparison of thermal bending between ordinary concrete
and concrete reinforced with 30% Pottery powder.

The observation from reading the graphs illustrated in Figure 2
is that the Pottery powder gives good resistance to the concrete,
even under the application of a thermal load or the influence of
temperature, because the thermal expansion will be very slight.

6. Conclusion

In conclusion, we can extract five key points from this work. Firstly,
the eco-concrete perfectly withstands mechanical behavior, and the
aluminosilicate provides perfect rigidity to this new concrete.
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Secondly, these concrete resists thermomechanical behavior, and
the variation in external temperature doesn't influence its deflection
or stresses. Thirdly, the eco-concrete reinforced with Pottery
powder can be modeled using the Mori-Tanaka rule of biphasic
homogenization. Fourthly, this eco-concrete will be useful from an
environmental and ecological standpoint by reducing CO:2
emissions. Finally, the use of this eco-concrete offers an economic
advantage because it can replace cement, and it promotes a recycling
approach. The deflection decreases with the increase in pottery
powder, and the optimal fraction is 30%, which yields the best
results.
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